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Lagrangian submanifolds of the complex quadric
as Gauss maps of hypersurfaces of spheres
Joeri Van der Veken and Anne Wijffels
Abstract. The Gauss map of a hypersurface of a unit sphere Sn+1(1) is a
Lagrangian immersion into the complex quadric Qn and, conversely, every
Lagrangian submanifold of Qn is locally the image under the Gauss map of
several hypersurfaces of Sn+1(1). In this paper, we give explicit construc-
tions for these correspondences and we prove a relation between the principal
curvatures of a hypersurface of Sn+1(1) and the local angle functions of the
corresponding Lagrangian submanifold of Qn. The existence of such a rela-
tion is remarkable since the definition of the angle functions depends on the
choice of an almost product structure on Qn and since several hypersurfaces
of Sn+1(1), with different principal curvatures, correspond to the same La-
grangian submanifold of Qn.
1. The geometry of the complex quadric
Let CPn+1(4) be the complex projective space of complex dimension n + 1
equipped with the Fubini-Study metric gFS of constant holomorphic sectional cur-
vature 4. Then the Hopf fibration pi : S2n+3(1) ⊆ Cn+2 → CPn+1(4) : z 7→ [z]
is a Riemannian submersion from the unit sphere of real dimension 2n + 3 to
CPn+1(4). Remark that for any z ∈ S2n+3(1) we have pi−1{[z]} = {eitz | t ∈ R}
and ker(dpi)z = span{iz}. The complex structure J on CPn+1(4) is induced from
multiplication by i on TS2n+3(1) and it is well-known that (CPn+1(4), gFS , J) is a
Ka¨hler manifold.
We define the complex quadric of complex dimension n as the following complex
hypersurface of CPn+1(4):
Qn = {[(z0, . . . , zn+1)] ∈ CPn+1(4) | z20 + . . .+ z2n+1 = 0}.
If Qn is equipped with the induced metric gFS |Qn , which we will denote by g, and
the induced almost complex structure J |Qn , which we will again denote by J , then
(Qn, g, J) is of course a Ka¨hler manifold itself. The inverse image of Qn under the
Hopf fibration is the (2n+ 1)-dimensional Stiefel manifold
V 2n+1=
{
u+ iv
∣∣∣∣u, v ∈ Rn+2, 〈u, u〉 = 〈v, v〉 = 12 , 〈u, v〉 = 0
}
⊆ S2n+3(1),
2010 Mathematics Subject Classification. Primary: 53C42; Secondary: 53D12; 53B25.
The first author is supported by the Excellence Of Science project G0H4518N of the Belgian
government and both authors are supported by project 3E160361 of the KU Leuven Research
Fund.
1
2 JOERI VAN DER VEKEN AND ANNE WIJFFELS
where 〈·, ·〉 denotes the Euclidean inner product on Rn+2. From this perspective, it
is easy to see that Qn can be identified with the Grassmannian of oriented 2-planes
in Rn+2 and hence, as a homogeneous space, is
Qn =
SO(n+ 2)
SO(n)× SO(2) .
Denote by A the set of all shape operators of Qn in CPn+1(4) associated with
unit normal vector fields. Since we need it in the next sections, we allow for elements
of A to be defined only on a subset of Qn. One can deduce the following (see for
example [8] or [10]).
Lemma 1.1. Any A ∈ A is involutive, symmetric and anti-commutes with J .
This implies in particular that A is a family of almost product structures.
However, these almost product structures are not integrable. In fact, we have the
following equalities, which can be found in [10].
Lemma 1.2. Let ζ be a unit normal vector field along Qn in CPn+1(4) with
corresponding shape operator A. Then there exists a non-zero one-form s such
that ∇CPn+1(4)X ζ = −AX + s(X)Jζ and ∇Q
n
X A = s(X)JA for all X tangent to Q
n,
where ∇CPn+1(4) and ∇Qn are the Levi Civita connections of CPn+1(4) and (Qn, g)
respectively.
The equation of Gauss for Qn as a submanifold of CPn+1(4) yields the following
expression for the Riemann-Christoffel curvature tensor of Qn:
RQ
n
(X,Y )Z = g(Y, Z)X − g(X,Z)Y
+ g(JY, Z)JX − g(JX,Z)JY − 2g(JX, Y )JZ(1.1)
+ g(AY,Z)AX − g(AX,Z)AY + g(JAY,Z)JAX − g(JAX,Z)JAY,
where A is any element of A. It follows directly from (1.1) that Qn is Einstein.
Remark 1.3. Although the almost product structures in A are non-integrable,
the complex quadric of complex dimension 2 is in fact a Riemannian product.
Indeed, it was proven in [1] that a homogeneous Einstein manifold of real dimension
4 must have either constant sectional curvature or constant holomorphic sectional
curvature, or must be a Riemannian product of two surfaces of equal constant
Gaussian curvature S2(c) × S2(c) or H2(c) ×H2(c). It follows from (1.1) that Q2
does not have constant (holomorphic) sectional curvature and from computing the
maximal sectional curvature, we see that Q2 = S2(4)× S2(4).
2. Lagrangian submanifolds of the complex quadric
An isometric immersion f : Mn → Qn of a manifold of real dimension n into
Qn is said to be Lagrangian if J maps the tangent space to Mn at any point into
the normal space to Mn at that point and vice versa. If f : Mn → Qn is such a
Lagrangian submanifold and A ∈ A is defined at least along f(Mn), it was proven
in [2] that, in a neighborhood of any point ofMn, there exist an orthonormal frame
{e1, . . . , en} on Mn and local angle functions θ1, . . . , θn such that
(2.1) A(df)ej = cos(2θj)(df)ej − sin(2θj)J(df)ej
for all j = 1, . . . , n. Clearly, the angle functions are only defined up to addition
with an integer multiple of pi and they depend on the choice of A.
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Remark 2.1 (Choice of A along a Lagrangian submanifold of Qn). Assume
that, apart from a Lagrangian immersion f : Mn → Qn, also a horizontal lift
fˆ : Mn → V 2n+1 of f is given. It follows from [7] that any Lagrangian im-
mersion into Qn locally allows such a horizontal lift. If Mn is simply connected,
the horizontal lift can be defined globally. Since the normal space to V 2n+1 in
S2n+3(1) ⊆ Cn+2 at a point z is the complex span of z¯, one can take ζ, defined by
ζf(p) = (dpi)fˆ(p)
(
fˆ(p)
)
, as a unit normal vector field to Qn in CPn+1(4) along the
image of f and the corresponding shape operator is given by AX = −(dpi)
fˆ(p)
(
Xˆ
)
,
where X is any vector tangent to Qn at a point f(p) and Xˆ is its horizontal lift to
fˆ(p). In the special case that v is tangent to Mn at a point p, we have
(2.2) A(df)p(v) = −(dpi)fˆ(p)
(
dfˆ
)
p
(v).
This A can be extended to an element of A, defined in a neighborhood of f(Mn).
3. Lagrangian submanifolds of the complex quadric as Gauss maps
Several possible definitions for the Gauss map of a hypersurface of a round
sphere can be found in the literature. We consider here a definition which was
studied in [6]. Let a : Mn → Sn+1(1) be a hypersurface of a unit sphere and
denote by b a unit normal to the hypersurface, tangent to the sphere. Then the
Gauss map of a is the following map from Mn to the complex quadric Qn:
G : Mn → Qn : p 7→ [a(p) + ib(p)].
Looking at a(p) and b(p) as vectors in Rn+2, one has (a(p) + ib(p))/
√
2 ∈ V 2n+1,
such that [a(p) + ib(p)] = [(a(p) + ib(p))/
√
2] is indeed an element of Qn.
An interesting property that this Gauss map shares with the classical Gauss
map of a hypersurface of a Euclidean space is that parallel hypersurfaces have
the same Gauss maps. Indeed, a parallel hypersurface to a given hypersurface a is
obtained by, starting at any point a(p) of the hypersurface, traveling over a distance
t along a geodesic of the ambient space with the unit normal b(p) as initial velocity.
If the ambient space is Sn+1(1), it is easy to see that any parallel hypersurface to
a : Mn → Sn+1(1) is given by at : Mn → Sn+1(1) : p 7→ (cos t)a(p) + (sin t)b(p)
for some t ∈ R. If |t| is small enough, at will, at least locally, be an immersion. A
straightforward computation shows that bt = −(sin t)a + (cos t)b is a unit normal
to at such that b0 equals the original b. We conclude that the Gauss map of at is
given by Gt = [at + ibt] = [e
−it(a+ ib)] = [a+ ib] = G.
This Gauss map has attracted quite some attention in recent years, especially
in the case of isoparametric hypersurfaces of spheres, i.e., hypersurfaces for which
all principal curvatures are constant. We mention for example the works [3], [4]
and [5]. In [9], a study of this Gauss map was proposed as a structural approach to
gain a better understanding of the notorious family of isoparametric hypersurfaces
of spheres. In [2] a correspondence between the principal curvatures of an isopara-
metric hypersurface of a sphere and the angle functions of its Gauss map in the
sense of (2.1) was given. Indeed, it turns out that the Gauss map of a hypersurface
of a sphere is a Lagrangian immersion into Qn. The following theorem includes this
statement and, more importantly, generalizes the result from [2] to arbitrary hy-
persurfaces of spheres. As mentioned in the abstract, this result is remarkable since
both the principal curvatures and the angle functions depend on certain choices.
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Theorem 3.1. Let a : Mn → Sn+1(1) be a hypersurface with unit normal b.
Then the Gauss map G : Mn → Qn : p 7→ [a(p)+ ib(p)] is a Lagrangian immersion.
Moreover, if A is chosen as in Remark 2.1 using the canonical horizontal lift
(3.1) Gˆ : Mn → V 2n+1 : p 7→ 1√
2
(a(p) + ib(p)),
then the relation between the principal curvatures λ1, . . . , λn of a, with respect to
the shape operator associated to b, and the angle functions θ1, . . . , θn of G is
(3.2) λj = cot θj
for j = 1, . . . , n.
Conversely, if f : Mn → Qn is a Lagrangian immersion, then for every point
of Mn there exist an open neighborhood U of that point in Mn and an immersion
a : U → Sn+1(1) with Gauss map f |U . This immersion is not unique, nor are
its principal curvature functions. However, for any choice of a, a local frame of
principal directions for a is adapted to f in the sense that (2.1) holds for any
choice of A and the principal curvature functions λ1, . . . , λn of a are related to the
corresponding local angle functions θ1, . . . , θn by
(3.3) cot(θj − θk) = ±λjλk + 1
λj − λk
for j, k = 1, . . . , n in points where λj 6= λk.
Proof. Let {e1, . . . , en} be a local orthonormal frame of principal directions
onMn for the immersion a : Mn → S2n+1(1), say Sej = λjej , where S is the shape
operator associated to b. It follows directly from (3.1) that
(3.4) (dGˆ)ej =
1√
2
(1− iλj)ej .
These vector fields are orthogonal to iGˆ and hence Gˆ is indeed horizontal. Moreover,
G is Lagrangian since (dGˆ)ej and i(dGˆ)ek are orthogonal for all j, k = 1, . . . , n.
For the choice of A given in Remark 2.1, we have, using (2.2) and (3.4),
A(dG)ej = −(dpi)
(
dGˆ
)
ej = −(dpi)
(
(dGˆ)ej
)
= −(dpi)
(
1√
2
(1 + iλj)ej
)
= −(dpi)
(
1− λ2j
1 + λ2j
(dGˆ)ej+
2λj
1 + λ2j
i(dGˆ)ej
)
=
λ2j − 1
λ2j + 1
(dG)ej− 2λj
λ2j + 1
J(dG)ej .
Comparing this to (2.1) implies that the angle functions associated to A are deter-
mined by
cos(2θj) =
λ2j − 1
λ2j + 1
, sin(2θj) =
2λj
λ2j + 1
and hence λj = cot θj .
Conversely, let f : Mn → Qn be a Lagrangian immersion and fix a point
p0 ∈Mn. If, for some open neighborhood U of p0 in Mn, the restriction f |U is the
Gauss map of a hypersurface a : U → Sn+1(1) with unit normal b, the first part of
the proof implies that U → V 2n+1 : p 7→ (a(p) + ib(p))/√2 must be a horizontal
lift of f |U . Finding all the hypersurfaces of Sn+1(1) of which f is locally the Gauss
map is hence equivalent to finding the local horizontal lifts of f for which the real
part is an immersion.
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It follows from [7] that for every simply connected open neighborhood U of p0
in Mn there exists a horizontal lift fˆ0 : U → V 2n+1 of f . Moreover, any other
horizontal lift of f on U can be written as fˆt = e
itfˆ0 for some constant t ∈ R.
Remark that if we split fˆt in a real and imaginary part as fˆt = (at + ibt)/
√
2, then
at = (cos t)a0 − (sin t)b0 and bt = (sin t)a0 + (cos t)b0 for all t. If a0 and at are
immersions, they hence define parallel hypersurfaces of Sn+1(1).
In order to investigate the derivative of at, we remark that
(3.5) at =
√
2Re fˆt =
1√
2
(
fˆt + fˆt
)
, bt =
√
2 Im fˆt = − i√
2
(
fˆt − fˆt
)
.
Now choose At as in Remark 2.1 using the horizontal lift fˆt. If {e(t)1 , . . . , e(t)n } is
a local orthonormal frame adapted to f in the sense of (2.1), then there are local
functions θ
(t)
1 , . . . , θ
(t)
n such that At(df)e
(t)
j = cos(2θ
(t)
j )(df)e
(t)
j − sin(2θ(t)j )J(df)e(t)j
for j = 1, . . . , n. Taking the horizontal lift to the image of fˆt on both sides of this
equality yields
(3.6) −
(
dfˆt
)
e
(t)
j = cos(2θ
(t)
j )(dfˆt)e
(t)
j − i sin(2θ(t)j )(dfˆt)e(t)j = e−2iθ
(t)
j (dfˆt)e
(t)
j
for j = 1, . . . , n. Substituting fˆt = e
itfˆ0 into (3.6) and then applying dpi gives
A0(df)e
(t)
j = cos(2(θ
(t)
j − t))(df)e(t)j − sin(2(θ(t)j − t))J(df)e(t)j , where A0 is chosen as
in Remark 2.1 using the horizontal lift fˆ0. This implies that the frame {e(t)1 , . . . , e(t)n }
does not depend on t –we will denote it by {e1, . . . , en} from now on– and that the
corresponding angle functions of At and A0 are related by
(3.7) θ
(t)
j = θ
(0)
j + t.
From (3.5), (3.6) and (3.7) we obtain
(3.8) (dat)ej =
1√
2
(
1− e−2i(θ(0)j +t)
)
(dfˆt)ej
for j = 1, . . . , n. If we choose t ∈ R such that θ(0)j (p0) + t is not an integer multiple
of pi for j = 1, . . . , n and, if necessary, we shrink U to Ut such that none of the
functions θ
(0)
j + t attains an integer multiple of pi on Ut, then at|Ut is an immersion.
There are hence infinitely many choices of t ∈ R for which at is an immersion in a
neighborhood of p0.
Now choose any t ∈ R such that at : Ut ⊆ Mn → Sn+1(1) is an immersion.
In order to find the principal curvatures of at, we compute the derivative of the
corresponding bt. From (3.5), (3.6), (3.7) and (3.8) we find
(3.9) (dbt)ej = − i√
2
(
1 + e−2i(θ
(0)
j
+t)
)
(dfˆt)ej = − cot(θ(0)j + t)(dat)ej
This implies that {e1, . . . , en} is a local frame of principal directions for the hyper-
surface at and that the principal curvatures of at defined using the shape operator
associated to bt are given by λ
(t)
j = cot(θ
(0)
j +t) for j = 1, . . . , n. A first issue is that
the principal curvatures are only defined up to sign: if we change the orientation
of the unit normal, the signs of the principal curvatures change. A second issue is
that the local angle functions θ
(0)
j are only defined through the choice of the almost
product structure A0. If one chooses an A ∈ A, which is at least defined along
f(Ut), then there exists a function ϕ : Ut → R such that A = cosϕA0 + sinϕJA0
along f(Ut) and it was shown in [2] that the local angle functions associated to A
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are given by θj = θ
(0)
j −ϕ/2 for j = 1, . . . , n. This implies that the difference of two
local angle functions does not depend on the choice of A. Hence, using the formula
for the cotangent of a difference, we can state that
cot(θj−θk) = cot((θ(0)j +t)−(θ(0)k +t)) =
(±λ(t)j )(±λ(t)k ) + 1
(±λ(t)j )− (±λ(t)k )
= ±λ
(t)
j λ
(t)
k + 1
λ
(t)
j − λ(t)k
for all j, k = 1, . . . , n in those points where λ
(t)
j 6= λ(t)k . In particular, the right hand
side does not depend on t. In other words: it does not depend on the chosen hori-
zontal lift of f , as long as the real part of this lift is an immersion, or, equivalently,
it remains invariant when changing from a hypersurface of a sphere to a parallel
hypersurface. This last fact can also be checked directly. 
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